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Abstract. We discuss direct and inverse spectral theory of self-adjoint Sturm- 
Liouville relations with separated boundary conditions in the left-definite set- 
ting. In particular, we develop singular Weyl-Titchmarsh theory for these 
relations. Consequently, we apply de Branges' subspace ordering theorem to 
obtain inverse uniqueness results for the associated spectral measure. The re- 
sults can be applied to solve the inverse spectral problem associated with the 
Camassa-Holm equation. 



1. Introduction 
Consider the left-definite Sturm-Liouville problem 

(1.1) --^ (p{x)-^y{x)) + q{x)y{x) = zr{x)y{x) 

ax \ ax J 

on some interval (a, h). Here, by left-definite we mean that the real- valued function 
r is allowed to change sign but p and q are assumed to be non-negative. In the 
case of a regular left endpoint, Bennewitz [5^, Brown and Weikard [J recently 
developed Weyl-Titchmarsh theory for such problems, analogously to the right- 
definite case. Moreover, they were also able to prove that the associated spectral 
measure uniquely determines the left-definite Sturm-Liouville problem up to a so- 
called Liouville transform. 

In the present paper we give an alternative proof of this result, using de Branges' 
subspace ordering theorem for Hilbert spaces of entire functions. In fact, this 
approach allows us to deal with a larger class of problems. For instance, we allow 
the left endpoint to be quite singular and the weight function r to be a real-valued 
Borel measure. However, at a second glance our approach is not too different from 
the approach taken in [5] and [J- The authors there prove Paley- Wiener type 
results to describe the spectral transforms of functions with compact support in 
order to obtain an appropriate Liouville transform. We will show that these spaces 
of transforms are actually hyperplanes in some de Branges spaces associated with 
our left-definite Sturm-Liouville problem. This will allow us to apply de Branges' 
subspace ordering theorem to obtain a suitable Liouville transform. 

As in [5j and [7] , the main motivation for this work is the Camassa-Holm equa- 
tion, an integrable, non-linear wave equation which models unidirectional propa- 
gation of waves on shallow water. Due to its many remarkable properties, this 
equation has gotten a lot of attention recently and we only refer to e.g. jl], [9], [10) . 
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[TT] . [23] for further information. Associated with the Camassa-Holm equation is 
the left-definite Sturm-Liouvihe problem 



on the real line. Direct, and in particular inverse spectral theory of this weighted 
Sturm-Liouville problem are of peculiar interest for solving the Camassa-Holm 
equation. Provided w is strictly positive and smooth enough, it is possible to 
transform this problem into a Sturm-Liouville problem in potential form and some 
inverse spectral theory may be drawn from this. However, in order to incorporate 
the main interesting phenomena (wave breaking |10] and multi-peakon solutions 
[2]) [12]) of the dispersionless Camassa-Holm equation, it is necessary to allow ut at 
least to be an arbitrary finite signed Borel measure on K. In [5], [7] the authors were 
able to prove an inverse uniqueness result under some restrictions on the measure 
ui, which for example prohibits the case of multi-peakon solutions of the Camassa- 
Holm equation. Using the results of the present paper we are able to avoid these 
restrictions and to cover the case of arbitrary real finite measures w; see [17) . 

Note that this application also requires us to consider our Sturm-Liouville prob- 
lem with measure coefficients. For further information on measure Sturm- 
Liouville equations see e.g. [3] or [TB] and the references therein. Moreover, the fact 
that we allow the weight measure to vanish on arbitrary sets, makes it necessary 
to work with linear relations instead of operators. Regarding the notion of linear 
relations, we refer to e.g. [T], [T3|, [H], [H], [H] or for a brief review, containing all 
facts which are needed here [18| Appendix B]. 

The paper is organized as follows. After some preliminaries about left-definite 
measure Sturm-Liouville equations, we give a review of linear relations associated 
with in a modified Sobolev space. In particular, we discuss self-adjoint real- 
izations with separated boundary conditions in Section |31 Since a lot of this first 
part are minor generalizations of results in e.g. [6], [7], [18[ . we will omit most of 
the proofs. In the consecutive two sections we develop Weyl-Titchmarsh theory 
for such self-adjoint relations. This part can essentially be done along the lines 
of the singular Weyl-Titchmarsh theory, recently introduced in [20] and [21] for 
Schrodinger operators. Section [5] introduces some de Branges spaces associated 
with a left-definite self-adjoint Sturm-Liouville problem. Moreover, we provide 
crucial properties of these spaces, which are needed for the proof of our inverse 
uniqueness result, which is carried out in the last section. In particular, this last 
section provides an inverse uniqueness result, which applies to the isospectral prob- 
lem of the Camassa-Holm equation. Finally, in the appendix we give a brief review 
of dc Branges' theory of Hilbert spaces of entire functions as far as it is needed. 

Before we start, let us recall some facts about functions which are absolutely 
continuous with respect to some measure. Therefore let (a, b) be an arbitrary in- 
terval and /i be a complex- valued Borel measure on (a, 6). With AC\oc{{a, b); fi) we 
denote the set of all left-continuous functions, which are locally absolutely contin- 
uous with respect to the measure /i. These are precisely the functions / which can 
be written in the form 



(1.2) 



y"{x) + |y(a;) = zuj{x)y{x) 
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for some h G Ll^^{{a, b);fj.), where the integral has to be read as 

' I[c.x)'^(^)^^^(^)' if a; > c, 
h[s)dii{s) — {O, if a; = c, 



The function h is the Radon-Nikodym derivative of / with respect to fi. It is 
uniquely defined in Ll^^{{a, b); /i) and we write df /dfi = h. Every function / which 
is locahy absolutely continuous with respect to /i is locally of bounded variation 
and hence also its right-hand limits 

/(a;+) = lim/(a; -f e), x £ {a,b) 

exist everywhere and may differ from f{x) only if /i has mass in x. Furthermore, we 
will repeatedly use the following integration by parts formula for complex-valued 
Borel measures /i, ly on (a, 6) (see e.g. Theorem 21.67]) 

(1.3) / F{x)dy(x) ^ FG\1- G{x+)d^i{x), a, l3 e {a,b), 



where F, G are left-continuous distribution functions of /i, v respectively. 

2. Left-definite Sturm-Liouville equations 

Let (a, b) be an arbitrary interval and g, <; and x be complex- valued Borel mea- 
sures on (a, 6). We are going to define a linear differential expression r which is 
informally given by 

In the rest of this paper we will always assume that our measures satisfy the fol- 
lowing four properties. 

Hypothesis 2.1. 

(i) The measure g is real-valued. 

(ii) The measure <; is positive and supported on the whole interval. 

(iii) The measure x is positive but not identically zero. 

(iv) The measure <; has no point masses in common with x or g, i.e. 

^( W)X({4) = '^{{x})g{{x}) = 0, X e (a, b). 

The maximal domain S),- of functions such that the expression t/ makes sense 
consists of all functions / G ylCioc((a, b); ^) for which the function 

(2.1) xe{a,b) 

is locally absolutely continuous with respect to g., i.e. there is some representative 
of this function lying in ACioc((a, b); g). As a consequence of the assumption on the 
support of <j, this representative is unique. We then set r/ € Ll^^{{a, b); g) to be the 
Radon-Nikodym derivative of this function with respect to g. One easily sees that 
this definition is independent of c G (a, b) since the corresponding functions (|2.ip as 
well as their unique representatives only differ by an additive constant. As usual, 
the Radon-Nikodym derivative with respect to of some / G S)r is denoted with 
/[^l and referred to as the quasi-derivative of /. 



4 



J. ECKHARDT 



Note that this definition includes classical Sturm-Liouville and Jacobi expres- 
sions as special cases. The following existence and uniqueness theorem for solutions 
of measure Sturm-Liouville equations may be found in jl81 Theorem 3.1]. 

Theorem 2.2. For each g S Ll^^{{a,b); g), c £ {a,b), di, ^2 G C and z E C there 
is a unique solution of the initial value problem 

(r — z)f = g with f{c) = d\ and /'"'^'(c) — d2- 

We say that r is regular at an endpoint if the measures g, <; and x are finite 
near this endpoint. In this case, if g is also integrable near this endpoint, then each 
solution of the equation (t—z)/ = g may be continuously extended to this endpoint. 
Moreover, the initial point c in Theorem 12.21 mav be chosen as this endpoint (see 
e.g. [H Theorem 3.5]). 

Associated with our differential expression r is a linear relation Tioc in the space 
^C'ioc((a, ^); ^) defined by 

Tioc = {(/, fr) e ACioc((a, b); 0' I / e S,, rf = U in iioc((a, &); q))- 

Regarding notation we will make the following convention. Given some pair / € Tioc 
we will denote its first component also with / and the second component with /t-. 
Moreover, if g e AC\oc{{a, b); and / is a solution of (r — z)f — g for some z G C, 
then this solution / will often be identified with the pair (/, g + zf) g Tioc. 

In the right-definite theory, a crucial role is played by the Wronskian of two 
functions and the associated Lagrange identity. The corresponding quantity in the 
left-definite case is the function 

(2.2) V{f,g*)ix)=fr{x)g^'Hxr-f^'Hx)grixr, x e {a,b), 

defined for all pairs f,g(z Tioc. Using the integration by parts formula (|1.3p and 
property (pv)) in Hvpothesis 12 . II one obtains the following Lagrange identity for this 
modified Wronskian. 

Proposition 2.3. For every f , g G Tioc o-nd a, /3 G (a, b) we have 
Vif,g*m - V{f,g*)ia) = f fr{x)g{xy - f{x)g,{x)*dx{x) 

+ f f'l^\x)g^'-\xr - f^'\x)g^}\xrd^{x). 

As a consequence of this Lagrange identity one sees that for each z E C the 
modified Wronskian V{ui,U2) of two solutions ui, U2 of (r — z)u = is constant. 
Furthermore, for z 7^ the solutions ui, U2 are linearly dependent if and only if 
V(ui^ U2) — 0. Another useful identity for the modified Wronskian is the following 
Pliicker identity, which follows similarly as in Proposition 3.4]. 

Proposition 2.4. For every fi, f2, fs, fiE Tioc we have 

= v{h, f2)vih, u) + v{h,h)vUi, /2) + v{h,u)v{f2jz). 

In order to obtain a linear relation in a Hilbert space, we introduce a modified 
Sobolev space H^{a,b). It consists of all functions / on (a, &) which are locally 
absolutely continuous with respect to <^ such that / is square integrable with respect 



SPECTRAL THEORY OF SINGULAR LEFT-DEFINITE OPERATORS 



5 



to X the Radon-Nikodym derivative df /d(; is square integrable with respect to 
The space H^{a, b) is equipped with the inner product 

(/,.9> = t I{x)g{xydx{x)+ f,g^H\a.b). 



Hereby note that / and g are always continuous in points of mass of x in virtue 
of property in Hypothesis 12.11 It is not surprising that this modified Sobolev 
space turns out to be a reproducing kernel Hilbert space (see e.g. [3 Section 2]). 

In order to obtain the maximal relation Tmax in H^{a,b) associated with our 
differential expression r we restrict Tioc by 

T„,ax = {(/, fr) e H\a, b) X H\a, b) \ (/, /,) e Tioc} • 

The following characterization of T^ax as weak solutions of our differential equation 
will be quite useful (the proof can be done along the lines of [H Proposition 2.4]). 

Proposition 2.5. Some (/, fr) G H^{a, b) x H^(a, b) lies in Tmax */ and only if 
(2.3) f f{x)g{x)*dx{x) + f f^^\x)g^^\xrd^{x) - f fr{x)g{xy dg{x) 



for each g G H^{a, b). 

Here, H^{a, b) denotes the linear subspace of H^{a, b) consisting of all functions 
with compact support. Consequently, some function h £ H^(a, b) lies in the multi- 
valued part of Tmax if and only if h — almost everywhere with respect to \g\. 

We say some function / e ACioc((a, &); <?) lies in H^{a,b) near an endpoint if / 
is square integrable with respect to x near this endpoint and its quasi-derivative is 
square integrable with respect to <; near this endpoint. Furthermore, we say some 
pair / G Tjoc lies in T^ax near an endpoint if both components / and lie in 
i?^(a, b) near this endpoint. Clearly, some / G Tioc lies in Tmax if and only if it lies 
in Tmax near a and near b. Using the Lagrange identity one shows the following 
properties of the modified Wronskian on Tmax- 

Lemma 2.6. /// and g lie inT^g_^ near an endpoint, then the limit ofV{f,g*){x) 
as X tends to this endpoint exists and is finite. If f and g even lie in Tmax; then 

(2.4) {fr,g) - {f,gr) = Vif,g*m - Vif,g*)ia). 

Moreover, V{-,-){a) and V{-,-){b) are continuous bilinear forms on Tmax with 
respect to the product topology on Tmax- 

If r is regular at an endpoint, then it is not hard to see that for each / which 
lies in T,„ax near this endpoint, the limits of /(a;), /'^'(x) and frix) as x tends to 
this endpoint exist and are finite. Of course in this case, equation ()2.2|) extends to 
this regular endpoint provided that / and g lie in T^ax near this endpoint. 

Next we will collect some more properties of the modified Sobolev space H^{a, b) 
and the maximal relation Tmax- The next proposition may be proved similarly to 
[71 Theorem 2.6] and [71 Proposition 2.7]. Here and in the following, i?Q(a, &) will 
denote the closure of H^{a, b) in H^{a, b). 

Proposition 2.7. We have H^{a, b) = H^{a, b) ® ker(T,„ax), with 

{0, if <i + X is infinite near both endpoints, 
1, if ^ + X is finite near precisely one endpoint, 
2, if i, + X is finite. 
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Moreover, there are (up to scalar multiples) unique non-trivial real solutions Wa, 
Wb of Tu = which lie in H^{a,b) near a, b respectively and satisfy 

(2.6) lim g(a)u;W(a) = lim (/3) =0, ge H\a,b). 

The solutions Wa and Wf, are linearly independent. 
Also note that the functions 

(2.7) X Wa{x)wl^\x) and x Wb{x)w\^\x) 

are increasing on (a, b) and strictly positive and negative, respectively. Now for 
each fixed c e (a, b) we introduce the function 

(2 8) d (x) = 1 iwaix)wb{c), if a; e (a, c], 

Ty(u;b, Wq) |w„(c)'u;b(a;), ifa;g(c,6), 

with the usual Wronskian of Wa and Wb 

W{wb,Wa) = Wb(a;)wW(a;) - wl^\x)wa{x), 

where the right-hand side is independent of x G (a, b) and non-zero since Wa and 
Wb are linearly independent solutions of ru = 0. With this definition the point 
evaluation in c is given by 

/(c) = (/,M, feH\a,b). 
More precisely, this follows from splitting the integrals on the right-hand side, 
integrating by parts twice and using the properties of the functions Wa, Wb from 
Proposition 12. 71 Furthermore, if the measures ^ and x &re finite near an endpoint, 
say a, then f{x) has a finite limit as x — > a for each / G H^{a, b) and 

f{a)^ lim f {a) = if, 6a), f e H\a,b), 
where the function 5a is given by 

(2.9) Saix) = -^^, xeia,b). 

K («) 

In fact, this follows from a simple integration by parts and Proposition 12.71 If <; 
and X finite near the right endpoint b, then obviously a similar result holds for 
b. As a consequence of this, some function / e H^{a, b) lies in -ffg (a, b) if and only 
if / vanishes in each endpoint near which <; and x ^-re finite. 

3. Self-adjoint Sturm-Liouville relations 

In the present section we are interested in self-adjoint restrictions of the maximal 
relation Tmax- Therefore, we will first compute its adjoint relation. 

Theorem 3.1. The maximal relation T^ax 'is closed with adjoint given by 
(3.1) T*,, = {fe T,„ax|Vg e T^ax : V{f,g){a) = V{f,g){b) = 0}. 

Proof. Let Tq C T^ax consist of all / S T^ax such that fr € H^{a, 6), / is a scalar 
multiple of Wa near a and a scalar multiple of Wb near b. Then the range of Tq is 
actually equal to H^{a, b). Indeed, if g G H^{a, b) is given, then the function 

f{x) = W{wb,Way^\Wbix) Wagdg + Waix) Wbgdg], xe{a,b) 
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is a solution oi rf — g (see [HI Proposition 3.3]) which is a scalar multiple of 
Wa, Wb near the respective endpoints and hence g e ran(Tb). Moreover, for each 
/ G To, g € Tmax the limits of V{f,g){x) as a; — >■ a and as a; — )■ 6 vanish in 
view of Proposition 12.71 Hence Lemma 12.61 shows that Tmax C Tq . Conversely, if 
(/ii /2) G Tq , then integration by parts and Proposition 12 . 71 show that 

(/i,.9r) = (/2,.9) = / /2(a;).gr(a;)*rfei(a;), .g G Tq. 

J a 

Now since ran(ro) = H^{a,b) we infer that (/i;/2) G Tmax in view of Proposi- 
tion [231 Thus Tmax is the adjoint of Tq and hence closed. Finally we obtain 

T;*,, - C {/ e T,,,, I V.9 e T,,ax : ^(/, g){a) = V{f, g){h) = 0} C T*,,, 

where we used Lemma [2T6l and the continuity of y( • , • )(a) and • , • )(fc). □ 

The adjoint of Tmax is referred to as the minimal relation Tmin. This linear 
relation is obviously symmetric with adjoint Tmax- Since Tmin is real with respect 
to the natural conjugation on H^{a,b), its deficiency indices are equal (see [HI 
Theorem 4.9]) and at most two because there are only two linearly independent 
solutions of (r — i)u = 0. In particular, this shows that Tmax always has self-adjoint 
restrictions. However, the actual deficiency index of depends on which cases 
in the following alternative (see [6l Lemma 4]) prevail. At each endpoint, either 

(i) for every z E all solutions of (r — z)u = lie in H^{a,b) near this 
endpoint or 

(ii) for every z e there is a solution of (r — z)u = which does not lie in 
H^{a,b) near this endpoint. 

Here and henceforth, the cross indicates that zero is removed from the respective 
set. The former case is referred to as the limit-circle (I.e.) case and the latter ^ 
as the limit-point (l.p.) case. Unlike in the right-definite theory, there is a precise 
criterion for the I.e. case to prevail in terms of our measure coefficients. In fact, 
[6l Theorem 3] shows that r is in the I.e. case at an endpoint if and only if ^, x 
are finite near this endpoint and the function dg, x £ (a, b) is square integrable 
with respect to <r near this endpoint for some c € (a, b). Furthermore, this theorem 
also ensures that all solutions of rw = lie in H^{a, b) near an endpoint, if t is in 
the I.e. case there. However, note that it is possible that r is in the l.p. case at an 
endpoint although all solutions of rw = lie in H^{a,b) near this endpoint. Now 
along the lines of the corresponding proofs in the right-definite case [iHl Section 5] , 
one may show the following result. 

Theorem 3.2. The deficiency index ofTmin is given by 

if T is in the I.e. case at no endpoint, 
if T is in the I.e. ease at precisely one endpoint, 
if T is in the I.e. case at both endpoints. 

Furthermore, it is also possible to adapt the proof of [18, Lemma 5.6], which 
shows that one is able to tell from the modified Wronskian whether r is in the I.e. 
or in the l.p. case. 



(3.2) n(r„,in) 
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Proposition 3.3. The endpoint a is in the I. p. case if and only if V{ f, g){a) — 
for every f , g ^ Tlnax- If a is in the I.e. case, then there is a v G Tmax with 

(3.3) V{v, v*){a) = and V{f, v*){a) ^ for some f £ T^ax- 

Similar results hold at the endpoint b. 

Because of the formal similarity with the right-definite theory, it is now easy 
to obtain a precise characterization of all self-adjoint restrictions of Tmax in terms 
of boundary conditions at all endpoints which are in the I.e. case. This can be 
done following literally the proofs in [HI Section 6]. However, since we are only 
interested in separated boundary conditions we only state the following result. 

Theorem 3.4. Let Va, Vb € Tmax such that 

(3.4a) Viva,v:)ia) = and y(/,<)(a)^0 for some f e T^,^^, 

(3.4b) Vivb,vt)ib) = and Vif,vl)ib)^0 for some f e Tn,^^, 

if T is in the I.e. case at a, b, respectively. Then the linear relation 

(3.5) S = {fe TmaxI V^(/,<)(a) = Vif,v;)ib) = 0} 
is a self-adjoint restriction of T-a^^y^. 

Note that boundary conditions at endpoints which are in the l.p. case are super- 
fluous, since in this case each / € Tmax satisfies them in view of Proposition 13.31 
Furthermore, Theorem l3.4l actuallv gives all possible self-adjoint restrictions of Tnax 
provided that r is not at both endpoints in the I.e. case. 

If r is regular at an endpoint, say a, then the boundary condition at this endpoint 
may be given in a simpler form. In fact, if some Va G Tmax with (I3.4a[) is given, 
then it can be shown that there is some <^a G [0, it) such that for each / e Tmax 

(3.6) F(/,<)(a)=0 ^ A(a)cos(^a-/W(a)sin(^a =0. 

Conversely, if some ipa € [0,7r) is given, then there is a £ Tmax with (I3.4ap 
such that (|3.6p holds for all / € Tmax- The boundary conditions corresponding to 
ipa = are called Dirichlet boundary conditions, whereas the ones corresponding 
to (pa — 7r/2 are called Neumann boundary conditions. Moreover, note that for a 
solution of (r — z)u = with z e C, the boundary condition at a takes the form 

zu{a) cos ipa — u^^^ (a) sin (pa = 0. 

As in [181 Corollary 8.4], one may show using Proposition 13.31 and the Pliicker 
identity that all non-zero eigenvalues of self-adjoint restrictions 5* with separated 
boundary conditions are simple. However, it might happen that zero is a double 
eigenvalue indeed. This is due to the fact that there are cases in which all solu- 
tions of TM = lie in Tmax and satisfy the possible boundary condition near some 
endpoint. For example, this happens for Dirichlet boundary conditions at a regular 
endpoint or if <; and x are finite near an endpoint which is in the l.p. case. 

Theorem 3.5. Suppose S is a self-adjoint restriction ofT-a^ayi with separated bound- 
ary conditions and let z G p{S)^ . Furthermore, let Ua and Ub be non-trivial solu- 
tions of (r — z)u — such that 




satisfies the boundary condition at a/b if t is in the I.e. case at a/b, 
lies in H^{a,b) near a/b if t is in the l.p. case at a/b. 
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Then the resolvent Rz is given by 

(3.7) = (<?, Gzix, ■ )*), X e (a, 6), g e H\a, b), 



wh- 



ere 



ON n I \,Myl 1 lua{y)ub{x), ify<x, 
(3.8) G2(a;,j/)H = — < , , , , 

Z V{Ub,Ua) [Ua{x)ub{y), lfy>X. 

Proof. First of all, the solutions Wa, Ub are linearly independent, since otherwise z 
would be an eigenvalue of S. Now if g e H^{a, b), then fg given by 

fgi^)^Tr, \ \ ^b{x) Uagdg + Ua{x) Ubgdg] , x e {a,b) 

V{Ub,Ua) \ Ja Jx J 

is a solution of (t — z)f = 5 because of [TB] Proposition 3.3]. Moreover, fg is a 
scalar multiple of Ua near a and a scalar multiple of Ub near b. As a consequence 
fg G TJnax satisfies the boundary conditions of S and therefore R^g ~ fg. Now an 
integration by parts shows that R^g is given as in (j3.7p . Furthermore, by continuity 
this holds for all g G H^la, b). Hence it remains to consider R^w for w G ker(Tinax)- 
In this case integration by parts yields 

GAx, • r) = -^^^^-.(-) + - X e (a, 6). 

Z V/(U6, Ua)(0) zK(Mb,Ma)(a) ^ 

Obviously, this function is a solution of (t — z)f = since w is a solution of 
Tu = 0. Moreover, if r is in the l.p. case at a, then the second term vanishes in 
view of Proposition l3.3l For the same reason the first term vanishes if t is in the l.p. 
case at b and hence this function even lies in H^{a,b). Using the Pliicker identity 
one sees that this function also satisfies all possible boundary conditions. □ 

4. Singular Weyl-Titchmarsh function 

Let S be some self-adjoint restriction of T^ax with separated boundary conditions 
as in Theorem 13.41 In this section we will introduce a singular Weyl-Titchmarsh 
function as it has been done recently in [20], [25] and [18] for the right-definite 
case. To this end we first need a non-trivial real analytic solution (j)z, z G oi 
(r — z)u — such that ipz lies in 5* near a, i.e. (/)z lies in H^{a, b) near a and satisfies 
the boundary condition at a if t is in the I.e. case there. 

Hypothesis 4.1. For each z G there is a non-trivial solution (f>z of (t — z)u = 
such that (f>z lies in S near a and the functions 

(4.1) zH^0^(c) and zh^(/)W(c) 

are real analytic in with at most poles at zero for each c G (a, b). 

In order to introduce a singular Weyl-Titchmarsh function we furthermore need 
a second real analytic solution dz, z G of (r — z)u = with V{dz, 4>z) — 1- 



Lemma 4.2. // Hypothesis holds, then for each z G there is a solution 
of (r — z)u = such that V{Oz, (pz) = 1 '"^'^ functions 

(4.2) z^Ozic) and z ^ e^^\c) 

are real analytic in with at most poles at zero for each c G (a, 6). 
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Proof. Following literally the proof of (251 Lemma 2.4] there is a real analytic 
solution Uz, z e of (t — z)u — such that the usual Wronskian satisfies 

Now the solutions 9^ — z^^u^, z E have the claimed properties. □ 

Given a real analytic fundamental system 9^, cpzi ^ G of (r — z)u = as 
in Hypothesis 14.11 and Lemma 14.21 we may define a complex valued function M on 
p{S) ^ by requiring that the solutions 

(4.3) ^l;, = 9, + Miz)(bz, zepiS)"" 

lie in S near 5, i.e. they lie in Tmax near b and satisfy the boundary condition at b 
if T is in the I.e. case there. Because of Theorem 13.21 and the fact that there is up 
to scalar multiples precisely one solution of (r — z)u — satisfying the boundary 
condition at 6 if r is in the I.e. case there, AI is well-defined and referred to as the 
singular Weyl-Titchmarsh function of S, associated with the fundamental system 

Theorem 4.3. The singular Weyl-Titchmarsh function M is analytic with 

(4.4) M{z) = M{z*y, zEp{SY. 
Proof. From Theorem 13.51 we get for each c G (a, 5) 

5c(c) 



z 



(4.5) 

zW{Wb,Wa) ' 

which proves the claim. □ 



M{z)Mcr + e.{c)Mc) - '^d'^'^^^'l , z e p{sy 



Similarly to the right-definite case (see e.g. [251 Lemma A. 4], [181 Theorem 9.4]), 
it is possible to construct a real analytic fundamental system 9z, </>z, z G of 
(t — z)u = as in Hypothesis 14. II and Lemma H21 if is in the I.e. case at a. 

Proposition 4.4. Suppose t is in the I.e. case at a. Then there is a real analytic 
fundamental system 9z, (pz, z G of (t — z)u ^ as in Hypothesis \4-l\ o,nd 
Lemma \4.S\ such that for all z\, Z2 E we additionally have 

(4.6) l/(^z,,0zj(a) = 1 and ^(0,, ,(?,,)(«) - ^(0,, ,</.,,)(«) = 0. 

In this case, the corresponding function M is a Herglotz-Nevanlinna function. 

In particular, if r is regular at a and the boundary condition there is given by 

/^(a)cos^a - /'^'(a)sin(pa = 0, feS 

for some Lpa G [0,7r), then a real analytic fundamental system 9^, 4>z, z G of 
(t — z)u = is given for example by the initial conditions 

z(j)z{a) — —9^}\a) — sin (/3a and (^[."""'(a) = z9z{a) — cosipa, z G C^. 

Obviously, this fundamental system satisfies the properties in Proposition 14.41 

As in the right-definite case (see [20j Lemma 3.2], [25l Lemma 2.2], [181 Theo- 
rem 9.6]), we may give a necessary and sufficient condition for Hypothesis 14.11 to 
hold. Therefore fix some c G (a, 6) such that x((a, c)) and consider the max- 
imal relation in H^{a,c) associated with our differential expression restricted to 
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(a, c). With Sc we denote the self-adjoint restriction of this relation with the same 
boundary conditions as S near a and Dirichlet boundary conditions at c. 

Lemma 4.5. Hypothesis \41\ holds if and only if the self-adjoint relation Sc has 
purely discrete spectrum. 

This lemma can be proved along the lines of [551 Lemma 2.2] and [THl Theo- 
rem 9.6]. Moreover, if Hvpothesis 14.11 holds at both endpoints, then it turns out 
that the spectrum of S is purely discrete. In particular, S has purely discrete 
spectrum provided that r is in the I.e. case at both endpoints. 

5. Spectral transformation 

In this section let S again be a self-adjoint restriction of T,nax with separated 
boundary conditions such that Hypothesis 14.11 holds. For the sake of simplicity 
we will furthermore assume that zero is not an eigenvalue of S. This excludes for 
example the case of Dirichlet boundary conditions at a regular endpoint or if <; and 
X are finite near an endpoint which is in the l.p. case. 

Next recall that for all functions /, g € H^{a, b) there is a unique complex Borel 
measure Ef^g on M such that 

(5.1) {Rj^g) = J^-L_dEfJX), zepiS). 

In fact, these measures are obtained by applying a variant of the spectral theorem 
to the operator part of S (see e.g. [HI Lemma B.4]). 

Lemma 5.1. There is a unique Borel measure p onR^ such that 

(5.2) Es^,s,AB)= I <t>x{a)4>x(fi)dp(\) 
for all a, /3 G (a, b) and each Borel set i? C M. 

Proof. As in the proof of Theorem 14.31 one sees that for a, /3 G (a, 6) 

where -ffa,^ is a real analytic function on C^. Now the claim may be deduced 
following the arguments in the proof of [251 Lemma 3.3]. □ 

Now similar to [531 Theorem 3.4] and [IHl Lemma 10.2], we may introduce a 
spectral transformation for our self-adjoint linear relation S. 

Lemma 5.2. There is a unique bounded linear operator J- : H^{a, b) — > L^(M^ ; p) 
such that for each c G {a,b) we have J-6c{y) — (t>\ic) for almost all X € with 
respect to p. The operator !F is a surjective partial isometry with initial subspace 
dom(S'). Its adjoint is given by 

(5.3) F*g{x)^ [ <t>x{x)g{\)dp{\), x £ {a,b), g e L^R'' ; p), 
its (in general multi-valued) inverse is given by 

(5.4) = {(.g, /) e L2(]gx . X ^i(^^ I _ ^ ^ ^^^^^ ^^^^^ 
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If T is in the I.e. ease at b, then the transform of a function / £ H^{a, b) is 
-^.f(A) = {<Px,n - (\x{x)f{x)dx{x) + f%l\x)f^^\x)d^{x), A e Rx 



by eontinuity. Of eourse, if t is in the Lp. case at b, then this is not possible since 
4>x does not he in H^{a,b) unless A is an eigenvalue. However, we still have the 
following general result. 

Proposition 5.3. If f £ H^{a,b) vanishes nearb, then 

(5.5) .F/(A) = f <Px{x)f{x)dx{x) + (\l\x)f^'\x)d^{x) 

J a J a 

for almost all X with respect to fi. 

Proof. First of all, an integration by parts shows that for A G R^ and c € (a, b) 



(*) / ^ 0A<?c dx + r ^w^^'d^ = + 0a(x), xe(c,&). 

Now pick some /3 € (a, &) such that / vanishes on [(3, b) and consider the space 
of functions in H^{a, b) which are equal to a scalar multiple of Wb on [/3, b). It 
is not hard to see that this space is closed and that it contains all functions Sc, 
c < /3. Moreover, the linear span of these functions is even dense in If^, i.e. / lies 
in the closure of span{(5c | c < /?}. Now for each /c e N let N{k) G N and G C, 
G (a, /3) for 71 = 1, . . . N{k) such that the functions 

N{k) 

fk{x) = ^ al^cf^ix), X G (a, 6), fc G N 

n=l 

converge to / in H^{a, 6) as /c — ^ oo. Using equation ((*]) we may estimate 
(/.A(x)/(a;)dx(2;) + / 0™(a;)/W(x)d^(a;) - V al^cl) 



n=l 



< 



Mf-fk)dx+ / 0l''(/W-/f')* 



for each A G R^ . The first term converges to zero since fk converges to / in H^{a, b) 
as fc — > oo. Moreover, the second term converges to zero since fkiP) converges to 
zero as fc — )■ 00. But this proves the claim since T fk{\) converges to J-f{X) for 
almost all A G with respect to /i. □ 

If is a Borel measurable function on R^, then we denote with Mi? the max- 
imally defined operator of multiplication with F in L^(RX;/^). We are now ready 
to state the main theorem of this section, which may be proved similarly to [18} 
Theorem 10.3]. 

Theorem 5.4. The self-adjoint relation S is given by S = J-^^MidJ' ■ 

Note that all of the multi-valuedness of S is only contained in the inverse of our 
spectral transformation. Moreover, the self-adjoint operator part of S is unitarily 
equivalent to the operator of multiplication Mj^ in L^(RX ; /i). In fact, J-" is unitary 
as an operator from dom {S) onto L'^{R^ ; ^) and maps the operator part of 5 onto 
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multiplication with the independent variable. Now the spectrum of S can be read 
off from the boundary behavior of the singular Weyl-Titchmarsh function AI in the 
usual way (see Corollary 3.5]) 

(5.6) (7{S)'' = supp(//) = {A e Rx I < limsupImM(A + ie) }. 

£4,0 

Moreover, the point spectrum of S is given by 

(5.7) ap{S) = {A e M"" I limelmAf (A + ie) > 0}, 

£4-0 

with /x({A}) = |10a||^^ for all eigenvalues A G (Tp{S). 

Finally, note that the measure fi is uniquely determined by the property that 
the mapping 5c i— > 4>\{c), c e (a, &) uniquely extends to a partial isometry onto 
i^(]RX;/x), which maps S onto multiplication with the independent variable. Be- 
cause of this, the measure ^ is referred to as the spectral measure of S associated 
with the real analytic solutions z S C^. 

6. Associated de Branges spaces 

As in the previous sections let S be some self-adjoint restriction of Tmax (with 
separated boundary conditions) which does not have zero as an eigenvalue. The 
aim of the present section is to describe the spaces of transforms of functions in 
H^{a, b) with compact support. It will turn out that these spaces are hyperplanes in 
some de Branges spaces associated with our left-definite Sturm-Liouville problem, 
at least if we somewhat strengthen Hypothesis 14.11 In fact, in this section we will 
assume that for each z G C there is a non-trivial solution (jj^ of (r — z)u — such 
that (jjz lies in S near a and the functions 

z !->■ 02 (c) and z i-> </) ^ (c) 

are real entire for each c G (a, b). In particular, note that the solution (pg is always 
a scalar multiple of the solution Wa (due to the assumption that zero is not an 
eigenvalue of S). For example, if t is regular at a and the boundary condition at a 
is given by p.6p for some (fa & (0,7r), then such a real entire solution (j)^, 2 G C of 
(t — z)u = is given by the initial conditions 

4>z{cl) — sinipa and 0^ (a) = z cos (^q, z e C. 

Furthermore, we will assume that the measure is absolutely continuous with 
respect to the Lebesgue measure. This will guarantee that our chain of de Branges 
spaces is continuous in some sense, which simplifies the discussion to some extend. 
However, we do not have to impose additional assumptions on the measures x ^-nd 

Q. 

First of all we will introduce the de Branges spaces associated with 5" and our 
real entire solution (j>z, z G C. For a brief review of de Branges' theory of Hilbert 
spaces of entire functions see Appendix El whereas for a detailed account we refer 
to de Branges' book [Mj. Now fix some c G (a, b) and consider the entire function 

(6.1) £;(z,c) = 20^(c) + i0W(c), zee. 

Then this function is a de Branges function, i.e. it satisfies 

\E{z,c)\>\E{z*,c)\, ZGC+, 
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where is the open upper complex half-plane. Indeed, a simple calculation, using 
the Lagrange identity from Proposition 12.31 shows that 

E{z,c)E*{C,c) ~ E{C,c)E*{z,c) _ r</'c(c)*4'' (c) - z0,(c)4^1 (c)* 



2i(C* -z) C-^ 



for each C, z € C^. In particular, choosing Q = z this equality shows that our 
function i?( • , c) is a de Branges function. Hence it gives rise to a de Granges space 
B{c) equipped with the inner product 

Moreover, note that i?( • , c) does not have any real zeros A. Indeed, if A 7^ this 
would mean that both, and its quasi-derivative vanish in c and if A = this 
would contradict the fact that (pQ is a scalar multiple of Wa- 

The reproducing kernel K{ •,•,€) of the de Branges space B{c) is given as in 
equation (|A.ip . A similar calculation as above, using the Lagrange identity shows 
that it may be written as 

(6.2) X(C,z,c)- r M^rMx)dxix)+ r cf>['\xrcj,^^\x)d,{x), C.^eC. 



In the following, the function -ftr(0, • , c) will be of particular interest. An integration 
by parts shows that this function may as well be written as 

(6.3) K{0,z,c) = ct>^^{c)<t>M, ^eC, 

where the boundary term at a vanishes since 0o is a scalar multiple of Wa- 

We want to link the de Branges space B{c) to our generalized Fourier transform 
using Proposition 15.31 Therefore consider the modified Sobolev space H^{a,c) 

and define the transform of a function / S H^{a, c) as 

(6.4) f{z)^ r Mx)f{x)dx{x)+ r <l>^^^{x)f^'^{x)d,{x), zee. 



We will now identify the de Branges space B{c) with the space of transforms of 
functions from the subspace 



D{c) = spa,n{(l)z\(a,c) \ z e C} 
of H^{a,c), equipped with the norm inherited from H^{a,c). 

Theorem 6.1. The transformation f t-^ f is a partial isometry from the modified 
Sobolev space H^{a,c) onto B(c) with initial subspace D(c). 

Proof. For all G C, the transform of the function — 4'*c\(a,c) is given by 
/c(z)=/ M^rMx)dx{x)+ f 4'l(x)*4il(x)d^(a;) =i^(C,z,c), zeC 
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and hence lies in the de Granges space B{c). Moreover, for some given (i, (2 ^ C 
we have 

'J a 'J a 

= K{Cl,C2,c) = [if(Cl,-,c),K(C2,-,c)]s(c) = [4,4]S(C). 

Now, since the functions K{(,- ,c),(gC are dense in B{c), our transformation 
uniquely extends to a unitary linear map V from D(c) onto B{c). Moreover, because 
the functionals / f{z) and / Vf{z) are continuous on D{c) for each fixed 
z € C, we conclude that V is nothing but our transform restricted to D{c). Finally, 
it is easily seen that transforms of functions which are orthogonal to D[c) vanish 
identically. □ 

In the following, the closed linear subspace 

B°{c) = {F e B{c)\F{0) = 0} 

of functions in -B(c) which vanish at zero will be of particular interest. This subspace 
consists precisely of all transforms of functions in H^{a,c) which vanish in c. In 
fact, an integration by parts shows that 

/(O) = 0W(c)/(c), feH\a,c), 

where the boundary term at a vanishes since 0o is a scalar multiple of Wa- Moreover, 
the orthogonal complement of B°{c) consists of all scalar multiples of the function 
K{Q, ■ ,c). Hence it corresponds to the one-dimensional subspace of -D(c) spanned 
by the function 0o|(a,c)- 

The crucial properties of the de Branges spaces -B(c), c € (a, 6) only hold if c lies 
in the support 

supp(£i) = {x e (a, fe) I Ve > : \q\{{x - e,x + e)) > 0} 

of g. However, for the proof of our inverse uniqueness result a modified set S 
instead of supp(gi) will be more convenient. This set S C supp(p) U {a, b} is defined 
as follows. Take supp(gi) and add a if r is regular at a, there are no Neumann 
boundary conditions at a and \g\ has no mass near a. Under similar conditions one 
adds the endpoint b. Moreover, if a has not been added, then remove the point 
flg = inf supp(gi) unless |p|((ag,c)) = for some c € (0^,6). Similarly, if b has not 
been added, then remove the point bg — supsupp(gi) unless |f?|((c, bg)) = for some 
c € (a, bg). The following lemma gives a hint why this definition might be useful. 

Lemma 6.2. The closure of the domain of S is given by 

D dom (5) = span{5c | c e S}. 

Proof. The multi-valued part of S is given by 

(*) mul(5) -{/le mul(T,„ax) \ V{{0, h),v*){a) ^ V{{0, h),w*){b) ^ 0}. 

Now if c G E n (a, 6), then dc -L mul (S) since each h € mul (T,„ax) vanishes almost 
everywhere with respect to \g\. Moreover, if a G S then r is regular at a and 
there are no Neumann boundary conditions at a. Thus, each h G mul (S) vanishes 
in a in view of J*)) and hence i5a -L mul (5*) . Similarly one shows that (5b_Lmul(S') 
provided that & G E. Hence the closure of the linear span of all functions 6c, c G E 
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is orthogonal to mu^i*) and hence contained in 2). In order to prove the converse 
let 



h e span{5c I c e E} 



Since h is continuous this implies that h vanishes on supp(gi), hence h lies in 
niul(rniax)- Now suppose that 

V{{0, h),v*){a) = lini (a)* ^ 0, 

a— fa 

then T is necessarily in the I.e. case at a. If g had mass near a, we would infer 
that h{a) = since h vanishes on supp(gi). Hence r is even regular at a and 
implies that there are no Neumann boundary conditions at a. Therefore a lies in S 
and hence h(a) — {h,da) = 0, contradicting (F^ . A similar argument for the right 
endpoint b shows that h lies in mul (S*), which finishes the proof. □ 

Also note that functions in S arc uniquely determined by their values on S. In 
fact, if /i, /2 S 3 such that /i(c) = /2(c), c G S, then /i — /2 lies in the orthogonal 
complement of 2) in view of Lemma 16.21 and hence /i — f2- 

Now before we state our main embedding theorem, it remains to introduce the 
de Branges spaces B{a) if a S S and B{b) if 6 e S. First of all if a G S, then let 
B{a) be the one-dimensional space spanned by the entire function z 1— > (j)z{o-)- It 
does not matter which inner product this space is equipped with; each one turns 
B{a) into a de Branges space as is easily seen from [14, Theorem 23]. In particular, 
note that B°{a) = {0}. Finally if 6 e S, then let B{b) be the de Branges space 
associated with the de Branges function 

= (6) +1411(6), zeC. 

The space B{b) has the same properties as the other de Branges spaces B{c), 
c S (a, b). For example the reproducing kernel is given as in (16.21) and Theorem l6.1l 
holds with c replaced by b. 

The following result is basically a consequence of Theorem 16.11 and Proposi- 
tion [531 linking our transformation with the generalized Fourier transform J-. In 
the following, /z will denote the spectral measure associated with the real analytic 
solutions z G as constructed in the previous section. However, note that in 
the present case we may extend /i to a Borel measure on R by setting /i({0}) = 0. 

Theorem 6.3. For each c G S the de Branges space B[c) is a closed subspace of 
with 

(6.5) {F,G), = [P°F,P°G]Bic) + ^lll^^^2* \\^-\\HHaM^ F, G e Bic), 

where P° is the orthogonal projection from B{c) onto B°{c). 

Proof. First of all note that for z G C and h G mul (5) C mul (Tmax) we have 

(*) / (l>z{x)h{x)*dx{x)+ f 0W(x)/iW(a;)*d<^(a;) = lim0W(a;)/i(x), 



since h vanishes almost everywhere with respect to \g\ (in particular note that 
h{c) = 0). Moreover, the limit on the right-hand side is zero since 

lim </.W(x)/i(a;) ^ V {{0, h), (a) = 
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and both, (0, h) and {(l)z, zcjjz) lie in S near a. Now, given some arbitrary functions 

/, g e span{(l)z\(a.c) \ z eC}, let 
/(c) 

foix) = —Y^Mx) and fi{x) ^ f{x) ~ fo{x), a; G (a, c) 
00 (c) 

and similarly for the function g. The extensions /i, gi of /i, gi, defined by 

/i(a::), if x G (a,c], 
0, if x e (c, 6), 



/i(^) 



and similarly for gi, lie in H^{a,b) since /i(c) — 51(c) = 0. Moreover, these 
extensions even lie in 2), because ((*]) shows that they are orthogonal to mul(S'). 
Now we get the identity 

(/i75i)m = {^h,^gi)li = {h,gi)HHa.b) = {fl,gi)H^{a.c) 

(0.0) 

= [/i,5i]s(c), 



where we used Proposition l5.3l Lemma l5.2l and Theorem 16. II Moreover, from ()6.3p 
(also note that G 2)) we get 

4"(c)r 



'Ao(c) 



/ o(0)go(0 )* 
l<^o(c)|^ 



6,(c)i^dA.(A)^ -7/;--^,/ mrm^^^.y 



(/o,go)p = /o(c)go(c)' 
Furthermore, 

(/i,.9o), -<?o(c)*^ / 0A(c)/i(A)dMA)-.go(c)*^/i(c) = O, 

00 (c) Jr 00 (c) 

i.e. the function go is orthogonal to /i not only in B{c) but also in L^(R; /i). Using 
these properties, we finally obtain 

(/,.9)m = (/i.ffi)^ + (/o,3o)m = {P°f,P°9)Bic) + ^^^^^\MHHa,by 

Hence (|6.5p holds for all F, G in a dense subspace of B{c). Now it is quite easy to 
see that B{c) is actually continuously embedded in L^(M;/i) and that (|6.5p holds 
for all F, G (1 B{c). Moreover, B{c) is a closed subspace of L^(R;/i) since the 
norms || • \\b(c) and || • ||p are equivalent on B{c). □ 

In particular, note that under the assumption of Theorem l6.3l the subspace B°{c) 
is isometrically embedded in L^(K; /i). Moreover, the embedding B{c) — > L^(R; /i) 
preserves orthogonality and a simple calculation shows that for functions F in the 
orthogonal complement of B°{c) we have 



at least if c 7^ a. This difference between B°(c) and its orthogonal complement 
stems from the fact that the functions in H^{a,c) corresponding to B°{c) are iso- 
metrically embedded in H^{a,b), whereas the functions corresponding to its or- 
thogonal complement are not. 

The following results contain further properties of our de Branges spaces which 
are needed for the inverse uniqueness theorem in the next section. First of all, we 
will show that they are totally ordered and strictly increasing. 
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Proposition 6.4. Ifci, C2 € S with ci < C2, then 



B{ci) C B{c2). 



Moreover, if |gi|((ci, C2)) — then B{ci) has codimension one in B{c2). 
Proof. If (5 e H^{a,C2) is such that 



(/, S)m{a,c2) = /(ci), / e H^{a, C2), 
then the modified Sobolev space H^{a,C2) may be decomposed into 
H^{a,C2) = ffl(a,C2) ® span{5} ® i7|(a,C2). 



Here H^{a,C2) is the subspace of fmictions in H^{a,C2) vanishing on (ci,C2) and 
-ff+(a, C2) is the subspace of functions in H^{a,C2) vanishing on (a,ci). Now the 
transforms of functions in _ffl(a,C2) are precisely the transforms of functions in 
H^{a,ci) which vanish in ci, i.e. B°{ci). The transform of the subspace span{(5} 
is precisely the orthogonal complement of B°{ci). Hence one sees that B{ci) is 
contained in B{c2). In order to prove that B{c2) is larger indeed, suppose that 
the function z ^ </>z(c2) belongs to B{ci). Since this function is orthogonal to 
B°{c2) it is also orthogonal to B°{ci) by Theorem 16.31 Thus we infer that the 
functions z 1—^ 0z(ci) and z 1— >■ (j)z{c2) are linearly dependent. Now from Lemma l5.2l 
(hereby also note that and Sc^ lie in S)) one sees that Sc-^ and are also linearly 
dependent, which gives a contradiction. 

It remains to prove that the space of transforms of functions in H]^(a, C2) is at 
most one-dimensional provided that |£i|((ci, C2)) = 0. Indeed, for each function 
/ e H]^(a,C2) an integration by parts shows that 



/(Z)=411(C2)/(C2)-4''(C1)/(C1)+Z / 0z/df?=</)W(c2)/(c2), Z G C, 



The following result shows that our de Branges spaces are continuous in some 
sense. This is due to the assumption that the measure ^ is absolutely continu- 
ous with respect to the Lebesgue measure. Otherwise, there would be jumps of 
dimension one in points where ^ has mass. 

Proposition 6.5. If c, a„, /3„ € supp(g), n € N are such that a„ f c and /3„ J, c 

as n ^ 00, then 




since / vanishes on (a, ci] and |g|((ci,C2)) — 0. 



□ 



(6 



8) 




nGN 



where the closure is taken in L? 



(R;/i). 



Proof. From Proposition 16.41 it is clear that 



U B{an) C B{c) C Pi S(/3„). 




If F e B°{c), then there is an / e H^{a, c) with /(c) = such that / = F. Now 
choose a sequence ft & H^{a,c), k & N of functions which vanish near c, such that 
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/fc — > / as fc — > oo. By our assumptions the transform of each of these functions 
has in i3(a„), provided that n e N is large enough, i.e. 

fk e U S(a„), ken. 

Consequently the transform of / lies in the closure of this union. Moreover, for 
each n G N the entire function z t-^ 0z(«n) lies in _B(q;„). Now since Sa^ — >■ 6c in 
H^{a, b), Lemma [5^ shows that the entire function z i-> 4>z{c) lies in the closure of 
our union which proves the first equality in (|6.8|) . 

Next, if e B{f3n) for each n € N, then there are /„ € D{/3n) such that 

/■,9„ 

Fiz)= Mx)fnix)dx{x)+ z G C, n G N. 

-/a -/a 

Moreover, from Theorem 16.11 and Theorem 16.31 we infer 



l/«llifi(a,/3„) - \\P\\B{f3„) - + 



where the coefficient on the right-hand side is bounded uniformly for all n G N 
by the properties of the solutions Wa and Wf,. Hence there is some subsequence of 
fn\{a,c), n e N converging weakly in H^(a, c) to say /. Now this yields for all z G C 



F{z) - /(z) + x{{c})Mc)f{c) + lim 



<t)zfn dx + 



where the limit is actually zero. In fact, for each z G C and n G N we have 



(t>zfndx 



(c,/3„) 



<C2||/„||hi(,,^„)(x((c,/3„)) + ^((c, /?„))), 



where G M is such that the moduli of 0^ and on (c, are bounded by Cz- 
But this shows that F actually is the transform of a function in H^{a, b) and hence 
lies in B{c) which finishes the proof. □ 

Finally we will prove that our de Branges spaces decrease to zero near a and fill 
the whole space n) near b. 

Proposition 6.6. The de Branges spaces B{c), c G S satisfy 
(6.9) p|5°(c) = {0} and [j B{c) ^ L^{R; n). 

Proof. First suppose that supp(^?) n (a,c) ^ for each c G (a, &) and pick some 
F G rices B°{c). Then for each C € C we have 

|F(C)| < [F,K{C,-,c)]b^c) < \\F\\Bic)[K{C,-,c),K{C,-,c)]Bic) 
< \\F\\^K{C,C,c) 

for each c G supp(f7). Now from (j6.2p we infer that K{(,(,c) — ^ as c — >■ a and 
hence that _F = 0. Otherwise, if ag — inf supp(gi) > a, then the subspace 

i?°(a,) = {/Gi?(«,)|/(a,) = 0}, 

corresponding to B°{ag), is at most one-dimensional. In fact, this is because each 
function ^2 1 (a Qg), z G C is a solution of rw = on (a, a^) in this case. Consequently, 
the functions in D°{ag) are also solutions of ru = on (a, ag). Moreover, if -f x 
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is infinite near a, then each / G D°{ag) is a scalar muhiple of Wa on (a, a^) with 
/(ag) — and hence vanishes identically. Also if + x is finite near a and there 
are Neumann boundary conditions at a, one sees that / is a scalar multiple of Wa 
and hence identically zero. We conclude that the first equality in the claim holds 
in these cases. Finally, if <r + X is finite near a and there are no Neumann boundary 
conditions at a, then a € E and hence clearly B°{a) = {0}. For the second equality 
note that the linear span of functions 2: i— > (^^(c), c G S is dense in L^(R; /i) in view 
of Lemma 16.21 and Lemma 15.21 □ 

Remark 6.7. At this point let us mention that a real entire solution 4>z, z e C as 
in this section is not unique. In fact, any other such solution is given by 

for some real entire function g. The corresponding spectral measures are related by 

fl(B) = / e-29Wd^(A) 
Jb 

for each Borel set SCR. In particular, the measures are mutually absolutely 
continuous and the associated spectral transforms just differ by a simple rescaling 
with a positive function. Moreover, from Theorem \6.1\ it is easily seen that for each 
c £ {a,b), multiplication with the entire function maps B(c) isometrically onto 
the corresponding de Branges space B{c). 

7. Inverse uniqueness results 

The present section is devoted to our inverse uniqueness result. We will prove 
that the spectral measure determines a left-definite Sturm-Liouville operator up 
to some Liouville transformation (see e.g. [7] or [3] for the right-definite case). 
Therefore let Si and 6*2 be two self-adjoint left-definite Sturm-Liouville relations 
(with separated boundary conditions), both satisfying the assumptions made in the 
previous section, i.e. zero is not an eigenvalue of 5*1 and S2 and there are real entire 
solutions satisfying the boundary condition at the left endpoint. Moreover, again 
we assume that the measures ■fi and ^2 are absolutely continuous with respect to 
the Lebesgue measure. All remaining quantities corresponding to 5*1 respectively 
S2 are denoted with an additional subscript. 

We will first state a part of the proof of our inverse uniqueness result as a separate 
lemma. Note that the equality in the claim of this lemma has to be read as sets of 
entire functions and not as de Branges spaces. In general the norms of these spaces 
will differ from each other. 

Lemma 7.1. Suppose that the function 

(7.1) 14^, .eC- 

I^2(Z, X2) 

is of bounded type for some xi € Si and X2 € S2- If = 1^2, then there is an 
increasing continuous bijection rj from Ei onto E2 such that 

Bi{xi) ^ B2{t]{xi)), e El. 

Proof. First of all note that by the definition of de Branges spaces and Proposi- 
tion l6.4l the function in (j7.1|) is of bounded type for all xi G Ei and X2 G E2. We will 
first consider the case when Ei consists of finitely many (strictly increasing) points 
a;i,n, n = 1, . . . , N separately. In this case ^1 — ^2 is supported on TV points, since 
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T\ is a unitary map from Si onto L^(M;/ii). Hence, S2 also consists of finitely 
many (strictly increasing) points X2,n, n = 1,...,N. Now let rj be the unique 
strictly increasing bijection from Si onto E2, i.e. ri{xi^n) = X2,m n = 1,...,-/V. 
Using the properties of our de Branges spaces it is quite simple to see that 

dimBi(xi^„) = dimi?2(a;2,„) = n, n = 1, . . . ,iV, 

and therefore the claim follows from Theorem 16.31 and Theorem lA.ll 

Now suppose that Si consists of infinitely many points and fix some arbitrary 
xi G Ei\{inf El, sup El}. Then from Theorem 16.31 and Theorem I A . II we infer that 
for each X2 G E2 either i?i(a;i) C B2{x2) or _Bi(a;i) D B2{x2) and hence also 
Bi{xi) C B2{x2) or B°{xi) D B2{x2)- In order to define "qixi) e (02, ^2) we are 
first going to show that both of the sets 

J^={X2 e E2 I 52(2:2) CBi(a;i)}, 
J+ = {X2 e E2|Bi(a;i) CB2(a;2)}, 

are non-empty. Indeed, if J_ was empty, then i?i(xi) C B2{x2) for each X2 G E2 
and hence 

Bl{x,)Q fl B°{x2)^m, 

in view of Proposition 16.61 Thus we obtained the contradiction xi = inf Si, since 
otherwise there would be some xi e Ei with xi < xi such that _Bi(xi) C _Bi(xi). 
Furthermore, if J+ was empty, then -62(2^2) Q Bi(xi) for each X2 € E2 and hence 

L\R;fii)= \J 52(0:2) C Si (xi) C l2(R;^i). 

But from this we infer the contradiction xi ~ supEi, since otherwise there would 
be an xi £ Ei with xi > xi such that Bi{xi) C _Bi(5:i) C L^(R;/ii). Hence we 
showed that J_ and J+ are non-empty. Now, if J_ — {02} then the space B2{ag^) 
is two-dimensional and a^^ does not lie in since otherwise 

^2(02) C Bi{xi) C B2iae,). 

Thus in this case we may set rj{xi) = ag^ and obtain _Bi(xi) = B2{i]{xi)). Further- 
more, if J+ = {62} then the space -B2(/?e2) has codimension one in i^(R;/i) and 
/?g2 does not lie in J_ since otherwise 

B2{l3e2) ^ B^ixi) C B2{b2). 

Again, we may define r]{xi) — and get Bi{xi) — B2{r]{xi)). Now in the 
remaining cases J_ is bounded from above in (02, 62) with supremum 

ri-{xi) =supj_ e (02,62), 

and J-i- is bounded from below in (02, 62) with infinium 

ri+{xi) ^ inf J+ e (02,62). 

Moreover, we have r\±(x\) G supp(£<2) since J±\{a2,62} is contained in supp(£'2). 
Now Proposition 16.51 shows that 



B2{^-{xi)) C Bi(xi) C B2(r,+ (xi)). 
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If Bi{xi) = B2{r]-{xi)), set r]{xi) = V-i^i) and if Bi{xi) = B2{ri+{xi)), set 
r]{xi) — ri+{xi) to obtain Bi{xi) — B2{ri{xi)). Otherwise we have 

B2{v^{xi)) C Si(xi) C B2{v+ixi)), 

and hence supp(p2) H (t^- (2^1), 'y+la^i)) 7^ in view of Proposition l6.4l Now we may 
choose r]{xi) in this intersection and get Bi(xi) = B2{ri{xi)) since ri(xi) neither 
hes in J_ nor in J^_. 

Up to now we constructed a function rj : Ei\{inf Ei, sup Si} — !■ S2 such that 
Bi{xi) = B2{r]{xi)) for each xi € I]i\{inf Si, sup Si}. Now if inf Si hes in Si 
and we set Xi = inf Ei\{inf Si}, then i?i(a::i) = B2{ri{xi)) is two- dimensional and 
from Proposition 16.61 we infer that there is an X2 € S2 with 

{0} C B2{X2) C B2{v{xi)) = Bi{xi). 

Hence we may set ?7(inf Si) = X2 and obtain i?i(inf Si) = _B2(77(inf Si)). Sim- 
ilarly, if sup Si lies in Si and we set xi = sup Si\{sup Si}, then the space 
Bi{xi) — B2{f]{xi)) has codimension one in i3i(supSi) = L^(IR;/l(i). But because 
of Proposition [621 there is an X2 G S2 such that 

B2{v{Pgi )) £ ^2(2:2) C L2(M;^i). 

Again, we may define r7(supSi) = X2 and get i3i(supSi) = B2(f?(sup Si)). Thus, 
we extended our function i] to all of Si and are left to prove the remaining claimed 
properties. 

The fact that 77 is increasing is a simple consequence of Proposition 16.41 Now 
if X2 G S2, then the first part of the proof with the roles of Si and S2 reversed 
shows that there is an Xi € Si with Bi{xi) = B2{x2) = Bi{r]{xi)). In view of 
Proposition l6.4l this yields 77(^1) = X2 and hence 77 is a bijection. Finally, continuity 
follows from Proposition l6.5l Indeed, if c, c„ G Si, 71 G N such that c^, f c as n — >■ 00, 
then 

B2 ( lim r7(c„)) = M B2(r,(c„)) = I J Si(c„) = Bi(c) = 52(77(0)) 

neN neN 

and hence ?7(c„) — r/(c) as n — > 00. Similarly, if c„ J, c as n — > 00, then 

B2 (j[im^r7(cn)) = n B2{v{cn)) = f] Bi{Cn) = Bi(c) = B2(77(c)) 

neN neN 

and hence again ?7(c„) 7]{c) as n ^ 00. □ 

Note that the condition that the function in (17. ip is of bounded type is actually 
equivalent to the function 

^i^, ZGC+ 
02,2(2:2) ' 

being of bounded type for some xi G Si and 22 G S2. Unfortunately, these 
conditions are somewhat inconvenient in view of applications. However, note that 
this assumption is for example fulfilled if for some xi G Si and X2 G S2 the entire 
functions z i— > 01, 2(2:1) and z 1— 02,2(2:2) are of finite exponential type such that 
the logarithmic integrals 

Jr 1 + 
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arc finite. Here In is the positive part of the natural logarithm. Indeed, a theorem 
of Krein [27l Theorem 6.17], [311 Section 16.1] states that in this case the functions 
z I— > (j)j,z{xj), j = 1,2 (and hence also their quotient) are of bounded type in the 
upper and in the lower complex half-plane. Moreover, note that the conclusion of 
Lemma 17.11 is also true if for some (and hence all) xi e (ai,&i) and X2 G (02,62) 
the functions Ei{- ,xi), i?2( ■ , 2^2) are of exponential type zero, i.e. 

ln+\Ej{z,x,)\^o{\z\), J = 1,2 

as \z\ —>■ 00 in C. The proof therefore is literally the same, except that one has to 
apply Theorem IA.2I instead of Theorem lA.ll 

With all the work done in Lemma 17.11 it is now quite simple to show that the 
spectral measure determines our self-adjoint Sturm-Liouville relation up to a Liou- 
ville transform. Here, a Liouville transform £ is a unitary map from 2)2 onto 2)i 
given by 

(7.2) Cf2{xi) = K{xi)f2{v{xi)), XI e Si, /2 e D2, 

where t] is an increasing continuous bijection from Si onto S2 and k is a non- 
vanishing real function on Ei. We say that the Liouville transform C maps 6*1 onto 
^2 if 

where C* is the adjoint of C regarded as a linear relation in H^{a2, 62) x H^{ai, &i). 
Note that in this case the operator parts of Si , S2 are unitarily equivalent in view 
of this Liouville transform C 



Theorem 7.2. Suppose that the function 

i?i(z,xi) 



zeC^ 



E2(z,X2) ' 

is of hounded type for some xi G Si and X2 G S2. // fxi — IJ.2, then there is a 
Liouville transform C mapping Si onto 82- 

Proof. By Lemma 17.11 there is an increasing continuous bijection rj from Si onto 
S2 such that Bi{xi) — B2{ri{xi)) and hence also i?i(xi) — B2{ri{xi)) for each 
a;i S Si. According to Theorem 16.31 for each fixed xi G Si the entire functions 



z (t)i^z{xi) and z 02,^(?7(2;i)) 
are orthogonal to i?i(xi) ~ 52(^(^1)) i^(R;Mi)- From this we infer that 
(7.3) (l)i^z{xi) = Kixi)(j)2.z{vixi)), zeC 

for some k{xi) G ffi.^ and hence also 

(*) = k{xi)T2S2,jj(xi)- 

Now the linear relation 

C = J^i ^"212)2 

is a unitary mapping from ©2 onto 2)i by Lemma [5.21 and moreover, equation Q 
shows that 

iSi^xi,K{xi)S2,jj(xi)) e ^* =^2^^\-, Xi G Si. 
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From this one sees that the transform of some function /2 G 'D2 is given by 

^f2ixi) = {Cf2,Si,xi)H^{ai,bi) = I^{xi){,f2,52,r)(xi))m(a2,b2) 

= K(a;i)/2(?7(a;i)) 
at each point xi G Si. FinaUy, we conclude that 

^2 = ^2~'MidJ-2|£,, = f^^FiF^^m,aFiFIF2\v2 = /:*^r'MidJ-i/: 
= /:*s'i/:, 

from Theorem [531 □ 



We wiU now show to which extend the spectral measure determines the coeffi- 
cients. For the proof we need a result on the high energy asymptotics of solutions 
of our differential equation (see e.g. [H Section 6]). Henceforth we will denote with 
Tj, j = 1,2 the densities of the absolute continuous parts of gj with respect to the 
Lebesgue measure and with pj^ , j = 1,2 the densities of with respect to the 
Lebesgue measure. 

Lemma 7.3. For each j — 1,2 and all points Xj , Xj G (flj, hj) we have the asymp- 
totics 



y l<^i,ia(^j)l V Pj(^) 



as y 00 m 



Proof. By our assumptions, the Lebesgue decomposition of the measure Qj with 
respect to is given by 

Qj = rjPj'^j + gj,s, 

where gj,s is the singular part of Qj with respect to the Lebesgue measure. Now the 
results in [4 , Section 6] show that (the square root is the principal one with branch 
cut along the negative real axis) 



ln^j|^ = Re| / ^-iyr,ix)p,ix)d,,ix)+o{Vy) 




dx + oiy/y), 



Pjix) 

as ?/ — >■ 00 in R"*" , which yields the claim. □ 

We are now able to establish a relation between the measure coefficients. How- 
ever, this is only possible on sets where the support of the weight measure has 
enough density. Otherwise there would be to much freedom for the remaining 
coefficients. 

Corollary 7.4. Let a\, /3i G (ai,&i) with a\ < /3i such that ri ^ almost 
everywhere on (ai,/3i) and r2 7^ almost everywhere on (77(01), 77(/3i)) with respect 
to the Lebesgue measure. If the function 

WT^y .GC+ 

E2{Z,X2) 
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is of bounded type for some x\ G (ai,6i), xi G (02,62) and [i\ = then the 
functions rj and k from the Liouville transform of Theorem \7.S\ satisfy 



, /P2 0?? 2 P2°v\r2°v\ 

7] =J I 1 and K =J . — 7- 

y Pi F2 0??| y Pi \ri\ 

almost everywhere on (cki,/3i) with respect to the Lebesgue measure and for the 
measure coefficients we have 

(j2 o ?7 = K^^<ji, £i2 o ?7 = and X2 o = k^Xi ~ 
as measures on (q:i,/3i). 

Proof. From equation (j7.3p and the asymptotics in Lemma 17.31 we infer that 



\r,{x)\ \r2{x)\, , , ^, 

-dx — f A 7~~r"-^^ Xi, Xi € [ai, pi). 



Pi{x) J^(i^) y P2ix) 

In view of the Banach-Zareckii theorem (see e.g. |28[ Chapter IX; Theorem 4], 
Theorem 18.25]) this shows that 77 is locally absolutely continuous on {ai, (3i) with 
derivative given as in the claim. More precisely, this follows from an application 
of [28l Chapter IX; Exercise 13] and [28l Chapter IX; Theorem 5]. Furthermore, 
since 0i,o, 02, are scalar multiples of lui.a, W2,a respectively, we also have 

(*) Wi^aixi) = CaK{xi)w2,a{v{xi)), Xi G {ai, Pi) 

for some constant Cq G M^. In particular, this shows that k is locally absolutely 
continuous on (ai, /3i). In fact, the substitution rule for Lebesgue-Stieltjes integrals 
(see e.g. [TH]) shows that 

'W2A'n{xi)) - 'W2,b{ri{xi)) = / '^2,bd'^2 

Jri{xi) 

w'^^lo rid(^2° xi, ii G (ai,/3i) 

xi 

and hence the function Xi 1— > W2^b{''l{xi)) is locally of bounded variation on (ai, /3i). 
Therefore, from [281 Chapter IX; Theorem 5] we infer that this function is even 
locally absolutely continuous on {ai,/3i) and hence so is k. Moreover, in view of 
Lemma [Ol equation (|7.3p yields 

2 ll'^l'^illHi(ai.bi) W{W2,b,W2,a) W^l,a ) Wl,b (^i ) 

K[Xi) - _ , , , , 



\'>2.M^i)\\HHa2M) W{'>^l,b,Wi^a) W2,a{v{xi))w2M{v{xi)) 

for each xi G (ai,/3i). Inserting Q we get from this equation 

wi^b{xi) ^ — — ■ -^i^\xx)w2.b\J]\XY)), xi G ai,/!iij. 

W(W2,b,W2.a) 

Plugging this expression and equation Q into the definition of the Wronskian 
W (w\^h-,w\^a) one obtains 

_ K(xi)^V(xi)pi(xi) , ^ ^ 

t — -r-, — TT , Xx G (,ai,pij, 

P2{n{x\)) 



26 



J. ECKHARDT 



which shows that k is given as in the claim. Next, differentiating equation ()7.3p 
yields 

K,{xi)(l}-^\{xi) = K[^l(xi)0i,^(a;i) + 02^i(»7(a;i)), xi G (ai,/3i) 
for each 2 e C. From this we get for all a, /? € (ai, /3i) 



J a J a J a 



where we used the integration by parts formula ()1.3p , the differential equation and 
the substitution rule. In particular, choosing z = this shows that the coefficients 
Xi and X2 are related as in the claim (note that (pi^ does not have any zeros). 
Using this relation, one sees from the previous equation that for each z e and 
a, P £ {ai,Pi) we actually have 

/ (j)i.zKdQi= / (l)i.zK~^dg2 o-q. 

J a J a 

Now since for each xi G (q;i,/3i) there is some z G such that 4>i,z{xi) 7^ 0, this 
shows that the coefhcients gi and p2 are related as in the claim. □ 

In particular, note that these relations among our measures show that under the 
assumptions of Corollarv l7.41 for every z G C and each solution U2 of {t2 — z)u = 0, 
the function 

ui{xi) = K{xi)u2{ri{xi)), xi G (ai,/3i) 

is a solution of (ri —z)u = on (ai, Moreover, linear independence is preserved 
under this transformation. 

In the remaining part of this section we will prove one more inverse unique- 
ness result, tailor-made to fit the requirements of the isospectral problem of the 
Camassa-Holm equation. There, we do not want the measures qi and Q2 to neces- 
sarily have dense support; hence we can not apply CoroUarv 17.41 However, we will 
assume that the intervals and the coefficients on the left-hand side of the differential 
equation are fixed, i.e. 

a:=ai=a2, 6 := 5i = 62, := Ti = ^2 and x-=Xi=X2, 

and that ti and T2 are in the l.p. case at both endpoints. Another crucial additional 
assumption we will make for this inverse uniqueness result is that the norms of point 
evaluations (note that the modified Sobolev spaces are the same for both relations) 
ll<^c|lifi(a,fc) are independent of c G (a, 6). For example this is the case when and 
X are scalar multiples of the Lebesgue measure, as it is the case for the isospectral 
problem of the Camassa-Holm equation. Moreover, we suppose that our real entire 
solutions 4>i^z and <j)2,z coincide at z = 0, i.e. 

(7.4) cj)ifi{x) ^ cj)2fi{x), xe{a,b). 

As a consequence of these assumptions, the coefficient of the second term on the 
right-hand side of (|6.5p in Theorem 16.31 is the same for both problems. Now the 
weight measure on the right-hand side of our differential equation is uniquely de- 
termined by the spectral measure. In view of application to the isospectral problem 
of the Camassa-Holm equation we state this result with the assumption that our 
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de Branges functions are of exponential type zero. Of course the same result holds 
if their quotient is of bounded type in the upper complex half-plane. 

Theorem 7.5. Suppose that Ei{- ,c) and i?2( • , c) are of exponential type zero for 
some c € {a,b). ///ii = fJ.2, then we have qi ~ Q2 and Si — 6*2. 

Proof. The (remark after the) proof of Lemma [73] shows that there is an increasing 
continuous bijection ry from Si onto E2 such that 

Bi{xi) = B2{ri{xi)), xi e Si. 

Moreover, the proof of Theorem 17.21 (see equation shows that 

<l>i,z{^i) = i^[xi)cj)2,z{ri{xi)), z eC, xi e Si 

for some non-zero real function k on Si. In particular, from Lemma 15.21 we infer 
for each xi G Si 



and hence k{xi)'^ = 1 in view of our additional assumptions. Moreover, Theorem l6.3l 
shows that _Bi(a::i) and B2{ri{xi)) actually have the same norm and hence 



0i^'o(a:i)0i,o(xi) = Ki{0,0,xi) = X2(0,0,77(xi)) = ^[\^M^i))cj)i^o{vixi))- 



Now since the function o0i,o is strictly increasing on (a, b) we infer that ri{xi) = 
xi, xi € Si and in particular Si = S2. Hence we even have (note that (|7.4p 
prohibits k{xi) = — 1 for some ii G Si) 



Moreover, if (a, (3) is a gap of Si, i.e. a, /3 e Si but {a, /3) n Si = 0, then both of 
this functions are solutions to the same differential equation which coincide on the 
boundary of the gap. Since their difference is a solution of tiu = which vanishes 
on the boundary of the gap, we infer that Q holds for all xi in the convex hull of 
Si in view monotonicity of the functions in (j2.7p . Now if a; = inf Si > a, then (^ + x 
is infinite near a and for each z € <C the solutions 0i,2 and 02, z are scalar multiples 
of Wa on {a,x). Since they are equal in the point x we infer that ([*]) also holds for 
all xi below x. Similarly, if a; = sup Si < b, then the spectrum of Si (and hence 
also of 5*2) is purely discrete. Indeed, the solutions ipi,b,z, z G C of (ti — z)u = 
which are equal to Wb near b are real entire and lie in Si near b. Now for each 
eigenvalue A G the solutions 0i,a and 02. a are scalar multiples of Wb on (x, 6). 
As before we infer that Q holds for z = A and all xi £ {a,b). Finally, from the 
differential equation we get for each a, /3 G (a, 6) with a < l3 



for each A G a {Si). But this shows gi = Q2 and hence also Si = S2. Hereby note 
that for each x G (a, b) there is an eigenvalue A G R such that 0i^A(a;) 7^ 0. Indeed, 
otherwise we had f{x) =0 for each / G S)i, which is not possible unless Si = 0. □ 



¥xA\H^a.b) = \\^l^xA\l^ = II )-7^2<5,,(:ei) I 



(*) 



0i,z(a:^i) = 02,z(a;i), 



xi G Si, z G C. 



A 
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Note that the condition that the differential expressions are in the l.p. case may 
be relaxed. For example it is sufficient to assume that tj, j = 1,2 are in the l.p. 
case at a unless inf = a and in the l.p. case at b unless sup T,j — b. The proof 
therefore is essentially the same. 

Appendix A. Hilbert spaces of entire functions 

In this appendix we will briefly summarize some results of de Branges' theory of 
Hilbert spaces of entire functions as far as it is needed for the proof of our inverse 
uniqueness theorem. For a detailed discussion we refer to de Branges' book |14) . 
First of all recall that an analytic function N in the upper open complex half-plane 
C+ is said to be of bounded type if it can be written as the quotient of two bounded 
analytic functions. For such a function the number 

ln|7V(iy)| , 

limsup e [—00, cx)) 

y->co y 

is referred to as the mean type of N. 

A de Branges function is an entire function E, which satisfies the estimate 

\Eiz)\>\E{z*)l zeC+. 

Associated with such a function is a de Branges space B. It consists of all entire 
functions F such that 

and such that F/E and F"^ /E are of bounded type in C"*" with non-positive mean 
type. Here F"^ is the entire function given by 

F*{z) ^ F{z*)*, zee. 

Equipped with the inner product 

Jr \EiX)\^ 

the vector space B turns into a reproducing kernel Hilbert space (see [Ml Theo- 
rem 21]). For each C g C, the point evaluation in C can be written as 

F(C) = [F,i^(C,-)], FeB, 
where the reproducing kernel K is given by (see |14| Theorem 19]) 

(AY) K(r A E{z)E*{C)-E{C)E*{z) 

(A.l) K[C, z) = 2i((* - z) ' ^ ^ ^• 

Note that though there is a multitude of de Branges functions giving rise to the 
same de Branges space (including norms) , the reproducing kernel K is independent 
of the actual de Branges function. 

One of the main results in de Branges' theory is the subspace ordering theo- 
rem; jl41 Theorem 35] . For our application we need to slightly weaken the assump- 
tions of this theorem. In order to state it let Ei , E2 be two de Branges functions 
with no real zeros and Bi, B2 be the associated de Branges spaces. 

Theorem A.l. Suppose Bi, B2 are homeomorphically embedded in L^(M;^) for 
some Borel measure /i on R. If E1/E2 is of bounded type in the open upper complex 
half-plane, then Bi contains B2 or B2 contains Bi . 
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Proof. If a de Branges space B is homeomorphically embedded in L^(R; /i), then B 
equipped with the inner product inherited from (R; /i) is a dc Branges space itself. 
In fact, this is easily verified using the characterization of de Branges spaces in |14[ 
Theorem 23]. Hence, without loss of generality we may assume that _Bi, B2 are 
isometrically embedded in L'^{R;ii) and thus apply [141 Theorem 35]. Therefore, 
also note that F1/F2 is of bounded type in the upper complex half-plane for all 
Fi e -Bi, F2 e B2 and hence so is the quotient of any corresponding de Branges 
functions. □ 

Note that the isometric embedding in [HI Theorem 35] is only needed to deduce 
that the smaller space is actually a de Branges subspace of the larger one. The 
inclusion part is valid under much more general assumptions; see [291 Theorem 5] 
or [301 Theorem 3.5]. 

Adapting the proof of 14, Theorem 35] , one gets a version of de Branges' ordering 
theorem, where the bounded type condition is replaced by the assumption that the 
functions Ei, E2 are of exponential type zero. Actually this has been done in |26j 
with the spaces Bi , B2 being isometrically embedded in some (M; /i) . Again this 
latter assumption can be weakened. 

Theorem A. 2. Suppose Bi, B2 are homeomorphically embedded in ij^(R;/i) for 
some Borel measure fi onR. If Ei, E2 are of exponential type zero, then Bi contains 
B2 or B2 contains Bi . 

Proof. As in the proof of Theorem lA.il the claim can be reduced to the case where 
the de Branges spaces are isometrically embedded in L^(R; fi). Therefore, also note 
that a de Branges function is of exponential type zero if and only if all functions in 
the corresponding de Branges space are (see e.g. [211 Theorem 3.4]). □ 

Acknowledgments. I thank Harald Woracek for helpful discussions and hints 
with respect to the literature. 
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